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Summary

This thesis deals with methods for studying low dimensionaldynamical systems ex-
ploiting specific topological structures that are relevantin two and three dimensions. Essen-
tially, we regard solutions, or orbits, as braids and links in three dimensions. This thesis can
be divided into two major parts. In the first part we apply the Conley index theory for braid
diagrams, developed by R. Ghrist, J.B van den Berg and R.C.A.M. van der Vorst in 2003, to
orientation reversing twist maps of the plane. In the secondpart we deal with developing an
invariant of relative braid classes, called Floer homology. It is an algebraic topological tool
that can be used to obtain forcing results for periodic solutions of the Hamilton equations.
The techniques presented in [34], which we employ in the first part, can be used for posi-
tive braids only, while the Floer homology approach is applicable toall braids (with both
positive and negative generators).

The two parts share the same methodology: in both cases we obtain variational prin-
ciples. These allow us to study the periodic solutions of thesystem in question as critical
points of certain action functionals. The latter are definedon spaces of braids, and we
introduce gradient-like flows, corresponding to the functionals, on these spaces. The sta-
tionary points of this flows correspond to periodic solutions of the original systems. Spaces
of braids are divided into path components, called braid classes. The properties of the
gradient-like flows in question, allow us to show that under the appropriate conditions these
classes are isolating neighborhoods.

In Chapter 2, we study forcing in orientation reversing twist maps. First we observe
that the fourth iterates of such maps can be expressed as the composition of four orienta-
tion preservingtwist maps. We then reformulate the problem in terms of parabolic flows,
which form the natural dynamics on a certain space of braid diagrams. Second, we focus
our attention on period-4 points, which we classify in termsof their corresponding braid
diagrams. They can be categorized in two types. If an orientation reversing twist map has
a period-4 point of one type, then we show the existence of a semi-conjugacy to symbolic
dynamics, hence proving that the system is forced to be chaotic. We also show that these
results are sharp in the sense that the other type (of period-4 points) does not lead to chaos.

Chapter 3 presents a way to interpret the periodic solutionsof the Hamilton equations as
braids. Then we define the corresponding action functional on the space of braids, and the
L2 ‘gradient-flow’ of this functional can be seen as a set of independent Cauchy-Riemann
equations coupled via boundary conditions, that are dictated by the braid structure. Since
the initial value problem is not well-posed, one restricts attention to the space of bounded
solutions. We prove that the aforementioned set is compact in theC1

loc topology. The chapter
continues by proving that so-called ‘proper’ braid classesform isolating neighborhoods for
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the Cauchy-Riemann ‘flow’. This follows from the crossing principle, which dictates that
along the evolution of the system the crossing number of a braid (defined as the difference
between the number of negative crossings and the number of positive crossings) can only
decrease.

Next we define a relative index for the stationary braids of the Cauchy-Riemann equa-
tions. We present a series of transversality arguments, which allow us to prove that gener-
ically the space of connecting orbits between two stationary points is a manifold without
boundary. Its dimension is given by the difference of the indices of the stationary limit
points. This leads to the definition of a Floer homology for proper relative braid classes.
This homology depends only on the relative braid class.

With this, we are able to derive results about the propertiesof the Floer homology in
Chapter 4. In particular, we get a counterpart of the Morse inequalities, allowing us, in the
generic case, to bound from below the number of critical points of indexk by thek-th Betti
number. Next we exploit the Garside normal form of braids to describe a braid as a positive
part followed by a number of half (full) twists. We show, thatthe Floer homology of a
braid class is equal to the appropriately shifted Floer homology of the positive part of the
Garside normal form of the braid. We finish the chapter by calculating the Floer homology
for various braid classes of cyclic type.


